Tilting Cohen-Macaulay representations by Iyama, Osamu
ar
X
iv
:1
80
5.
05
31
8v
1 
 [m
ath
.R
T]
  1
4 M
ay
 20
18
TILTING COHEN-MACAULAY REPRESENTATIONS
OSAMU IYAMA
Dedicated to the memory of Ragnar-Olaf Buchweitz
Abstract. This is a survey on recent developments in Cohen-Macaulay rep-
resentations via tilting and cluster tilting theory. We explain triangle equiva-
lences between the singularity categories of Gorenstein rings and the derived
(or cluster) categories of finite dimensional algebras.
1. Introduction
The study of Cohen-Macaulay (CM) representations [CR, Yo, Si, LW] is one
of the active subjects in representation theory and commutative algebra. It has
fruitful connections to singularity theory, algebraic geometry and physics. This
article is a survey on recent developments in this subject.
The first half of this article is spent for background materials, which were never
written in one place. In Section 2, we recall the notion of CM modules over Goren-
stein rings, and put them into the standard framework of triangulated categories.
This gives us powerful tools including Buchweitz’s equivalence between the stable
category CMR and the singularity category, and Orlov’s realization of the graded
singularity category in the derived category, giving a surprising connection be-
tween CM modules and algebraic geometry. We also explain basic results including
Auslander-Reiten duality stating that CMR is a Calabi-Yau triangulated category
for a Gorenstein isolated singularity R, and Gabriel’s Theorem on quiver represen-
tations and its commutative counterpart due to Buchweitz-Greuel-Schreyer.
In Section 3, we give a brief introduction to tilting and cluster tilting. Tilt-
ing theory controls equivalences of derived categories, and played a central role in
Cohen-Macaulay approximation theory around 1990 [ABu, AR2]. The first main
problem of this article is to find a tilting object in the stable category CMGR of a
G-graded Gorenstein ring R. This is equivalent to find a triangle equivalence
(1.1) CMGR ≃ Kb(projΛ)
with some ring Λ. It reveals a deep connection between rings R and Λ.
The notion of d-cluster tilting was introduced in higher Auslander-Reiten theory.
A Gorenstein ring R is called d-CM-finite if there exists a d-cluster tilting object
in CMR. This property is a natural generalization of CM-finiteness, and closely
related to the existence of non-commutative crepant resolutions of Van den Bergh.
On the other hand, the d-cluster category Cd(Λ) of a finite dimensional algebra
Λ is a d-Calabi-Yau triangulated category containing a d-cluster tilting object,
The author was partially supported by JSPS Grant-in-Aid for Scientific Research (B) 16H03923
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introduced in categorification of Fomin-Zelevinsky cluster algebras. The second
main problem of this article is to find a triangle equivalence
(1.2) CMR ≃ Cd(Λ)
with some finite dimensional algebra Λ. This implies that R is d-CM-finite.
In the latter half of this article, we construct various triangle equivalences of the
form (1.1) or (1.2). In Section 4, we explain results in [Ya] and [BIY]. They assert
that, for a large class of Z-graded Gorenstein rings R in dimension 0 or 1, there
exist triangle equivalences (1.1) for some algebras Λ.
There are no such general results in dimension greater than 1. Therefore in
the main Sections 5 and 6 of this article, we concentrate on special classes of
Gorenstein rings. In Section 5, we explain results on Gorenstein rings obtained
from classical and higher preprojective algebras [AIR, IO, Ki1, Ki2]. A crucial
observation is that certain Calabi-Yau algebras are higher preprojective algebras
and higher Auslander algebras at the same time. In Section 6, we explain results on
CM modules on Geigle-Lenzing complete intersections and the derived categories
of coherent sheaves on the associated stacks [HIMO]. They are higher dimensional
generalizations of weighted projective lines of Geigle-Lenzing.
2. Preliminaries
2.1. Notations. We fix some conventions in this paper. All modules are right
modules. The composition of f : X → Y and g : Y → Z is denoted by gf . For
a ring Λ, we denote by modΛ the category of finitely generated Λ-modules, by
projΛ the category of finitely generated projective Λ-modules, and by gl.dimΛ the
global dimension of Λ. When Λ is G-graded, we denote by modG Λ and projG Λ
the G-graded version, whose morphisms are degree preserving. We denote by k an
arbitrary field unless otherwise specified, and by D the k-dual or Matlis dual over
a base commutative ring.
2.2. Cohen-Macaulay modules. We start with the classical notion of Cohen-
Macaulay modules over commutative rings [BrH, Ma].
Let R be a commutative noetherian ring. The dimension dimR of R is the
supremum of integers n ≥ 0 such that there exists a chain p0 ( p1 ( · · · ( pn
of prime ideals of R. The dimension dimM of M ∈ modR is the dimension
dim(R/ annM) of the factor ring R/ annM , where annM is the annihilator of M .
The notion of depth is defined locally. Assume thatR is a local ring with maximal
ideal m and M ∈ modR is non-zero. An element r ∈ m is called M -regular if the
multiplication map r : M →M is injective. A sequence r1, . . . , rn of elements in m
is called an M -regular sequence of length n if ri is (M/(r1, . . . , ri−1)M)-regular for
all 1 ≤ i ≤ n. The depth depthM ofM is the supremum of the length ofM -regular
sequences. This is given by the simple formula
depthM = inf{i ≥ 0 | ExtiR(R/m,M) 6= 0}.
The inequalities depthM ≤ dimM ≤ dimR hold. We call M (maximal) Cohen-
Macaulay (or CM ) if the equality depthM = dimR holds or M = 0.
When R is not necessarily local, M ∈ modR is called CM if Mm is a CM Rm-
module for all maximal ideals m of R. The ring R is called CM if it is CM as an
R-module. The ring R is called Gorenstein (resp. regular) if Rm has finite injective
dimension as an Rm-module (resp. gl.dimRm <∞) for all maximal ideals m of R.
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In this case, the injective (resp. global) dimension coincides with dimRm, but this
is not true in the more general setting below. The following hierarchy is basic.
Regular rings +3 Gorenstein rings +3 Cohen-Macaulay rings
We will study CM modules over Gorenstein rings. Since we apply methods in rep-
resentation theory, it is more reasonable to work in the following wider framework.
Definition 2.1. [Iw, EJ] Let Λ be a (not necessarily commutative) noetherian ring,
and d ≥ 0 an integer. We call Λ (d-)Iwanaga-Gorenstein (or Gorenstein) if Λ has
injective dimension at most d as a Λ-module, and also as a Λop-module.
Clearly, a commutative noetherian ring R is Iwanaga-Gorenstein if and only if
it is Gorenstein and dimR < ∞. Note that there are various definitions of non-
commutative Gorenstein rings, e.g. [AS, CR, FGR, GN, IW]. Although Definition
2.1 is much weaker than them, it is sufficient for the aim of this paper.
Noetherian rings with finite global dimension are analogues of regular rings,
and form special classes of Iwanaga-Gorenstein rings. The first class consists of
semisimple rings (i.e. rings Λ with gl.dimΛ = 0), which are products of matrix rings
over division rings by the Artin-Wedderburn Theorem. The next class consists of
hereditary rings (i.e. rings Λ with gl.dimΛ ≤ 1), which are obtained from quivers.
Definition 2.2. [ASS] A quiver is a quadruple Q = (Q0, Q1, s, t) consisting of
sets Q0, Q1 and maps s, t : Q1 → Q0. We regard each element in Q0 as a vertex,
and a ∈ Q1 as an arrow with source s(a) and target t(a). A path of length 0 is
a vertex, and a path of length ℓ(≥ 1) is a sequence a1a2 · · ·aℓ of arrows satisfying
t(ai) = s(ai+1) for each 1 ≤ i < ℓ.
For a field k, the path algebra kQ is defined as follows: It is a k-vector space
with basis consisting of all paths on Q. For paths p = a1 · · ·aℓ and q = b1 · · · bm,
we define pq = a1 · · · aℓb1 · · · bm if t(aℓ) = s(b1), and pq = 0 otherwise.
Clearly dimk(kQ) is finite if and only if Q is acyclic (that is, there are no paths
p of positive length satisfying s(p) = t(p)).
Example 2.3. (a) [ASS] The path algebra kQ of a finite quiver Q is heredi-
tary. Conversely, any finite dimensional hereditary algebra over an algebraically
closed field k is Morita equivalent to kQ for some acyclic quiver Q.
(b) A finite dimensional k-algebra Λ is 0-Iwanaga-Gorenstein if and only if Λ is
self-injective, that is, DΛ is projective as a Λ-module, or equivalently, as a Λop-
module. For example, the group ring kG of a finite group G is self-injective.
(c) [IW, CR] Let R be a CM local ring with canonical module ω and dimension
d. An R-algebra Λ is called an R-order if it is CM as an R-module. Then an
R-order Λ is d-Iwanaga-Gorenstein if and only if Λ is a Gorenstein order, i.e.
HomR(Λ, ω) is projective as a Λ-module, or equivalently, as a Λ
op-module.
An R-order Λ is called non-singular if gl.dimΛ = d. They are classical
objects for the case d = 0, 1 [CR], and studied for d = 2 [RV1]. Non-singular
orders are closely related to cluster tilting explained in Section 3.2.
2.3. The triangulated category of Cohen-Macaulay modules. CM modules
can be defined naturally also for Iwanaga-Gorenstein rings.
Definition 2.4. Let Λ be an Iwanaga-Gorenstein ring. We call M ∈ modΛ (max-
imal) Cohen-Macaulay (or CM ) if ExtiΛ(M,Λ) = 0 holds for all i > 0. We denote
by CMΛ the category of CM Λ-modules.
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We also deal with graded rings and modules. For an abelian group G and a
G-graded Iwanaga-Gorenstein ring Λ, we denote by CMG Λ the full subcategory of
modG Λ consisting of all X which belong to CMΛ as ungraded Λ-modules.
When Λ is commutative Gorenstein, Definition 2.4 is one of the well-known
equivalent conditions of CM modules. Note that, in a context of Gorenstein ho-
mological algebra [ABr, EJ], CM modules are also called Gorenstein projective,
Gorenstein dimension zero, or totally reflexive.
Example 2.5. (a) Let Λ be a noetherian ring with gl.dimΛ <∞. Then CMΛ =
projΛ.
(b) Let Λ be a finite dimensional self-injective k-algebra. Then CMΛ = modΛ.
(c) Let Λ be a Gorenstein R-order in Example 2.3(c). Then CM Λ-modules are
precisely Λ-modules that are CM as R-modules.
We study the category CMG Λ from the point of view of triangulated categories.
We start with Quillen’s exact categories (see [Bu¨] for a more axiomatic definition).
Definition 2.6. [Ha]
(a) An exact category is a full subcategory F of an abelian category A such that,
for each exact sequence 0 → X → Y → Z → 0 in A with X,Z ∈ F , we have
Y ∈ F . In this case, we say that X ∈ F is projective if Ext1A(X,F) = 0 holds.
Similarly we define injective objects in F .
(b) An exact category F in A is called Frobenius if:
• an object in F is projective if and only if it is injective,
• any X ∈ F admits exact sequences 0 → Y → P → X → 0 and 0 → X →
I → Z → 0 in A such that P and I are projective in F and Y, Z ∈ F .
(c) The stable category F has the same objects as F , and the morphisms are given
by HomF (X,Y ) = HomF (X,Y )/P (X,Y ), where P (X,Y ) is the subgroup con-
sisting of morphisms which factor through projective objects in F .
Frobenius categories are ubiquitous in algebra. Here we give two examples.
Example 2.7. (a) For aG-graded Iwanaga-Gorenstein ring Λ, the category CMG Λ
of G-graded Cohen-Macaulay Λ-modules is a Frobenius category.
(b) For an additive category A, the category C(A) of chain complexes in A is a
Frobenius category, whose stable category is the homotopy category K(A).
A triangulated category is a triple of an additive category T , an autoequivalence
[1] : T → T (called suspension) and a class of diagrams X
f
−→ Y
g
−→ Z
h
−→ X [1]
(called triangles) satisfying a certain set of axioms. There are natural notions of
functors and equivalences between triangulated categories, called triangle functors
and triangle equivalences. For details, see e.g. [Ha, Ne]. Typical examples of trian-
gulated categories are given by the homotopy category K(A) of an additive category
A and the derived category D(A) of an abelian category A.
A standard construction of triangulated categories is given by the following.
Theorem 2.8. [Ha] The stable category F of a Frobenius category F has a canon-
ical structure of a triangulated category.
Such a triangulated category is called algebraic. Note that the suspension functor
[1] of F is given by the cosyzygy. Thus the i-th suspension [i] is the i-th cosyzygy
for i ≥ 0, and the (−i)-th syzygy for i < 0. We omit other details.
As a summary, we obtain the following.
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Corollary 2.9. Let G be an abelian group and Λ a G-graded Iwanaga-Gorenstein
ring. Then CMG Λ is a Frobenius category, and therefore the stable category CMGΛ
has a canonical structure of a triangulated category.
We denote by Db(modG Λ) the bounded derived category of modG Λ, and by
Kb(projG Λ) the bounded homotopy category of projG Λ. We regard Kb(projG Λ)
as a thick subcategory of Db(modG Λ). The stable derived category [Bu] or the
singularity category [O] is defined as the Verdier quotient
DGsg(Λ) = D
b(modG Λ)/Kb(projG Λ).
This is enhanced by the Frobenius category CMG Λ as the following result shows.
Theorem 2.10. [Bu, Ric2, KV2] Let G be an abelian group and Λ a G-graded
Iwanaga-Gorenstein ring. Then there is a triangle equivalence DGsg(Λ) ≃ CM
GΛ.
Let us recall the following notion [BrH].
Definition 2.11. Let G be an abelian group and R a G-graded Gorenstein ring
with dimR = d such that R0 = k is a field and
⊕
i6=0 Ri is an ideal of R. The
a-invariant a ∈ G (or Gorenstein parameter −a ∈ G) is an element satisfying
ExtdR(k,R(a)) ≃ k in mod
ZR.
For a G-graded noetherian ring Λ, let
(2.1) qgrΛ = modG Λ/modG0 Λ
be the Serre quotient of modG Λ by the subcategory modG0 Λ of G-graded Λ-modules
of finite length [AZ]. This is classical in projective geometry. In fact, for a Z-graded
commutative noetherian ring R generated in degree 1, qgrR is the category cohX
of coherent sheaves on the scheme X = ProjR [Se].
The following result realizes DZsg(R) and D
b(qgrR) inside of Db(modZR), where
mod≥nR is the full subcategory of modZR consisting of all X satisfying X =⊕
i≥nXi, and (−)
∗ is the duality RHomR(−, R) : D
b(modZR)→ Db(modZR).
Theorem 2.12. [O, IYa] Let R =
⊕
i≥0 Ri be a Z-graded Gorenstein ring such
that R0 is a field, and a the a-invariant of R.
(a) There is a triangle equivalence Db(mod≥0R) ∩Db(mod≥1R)∗ ≃ DZsg(R).
(b) There is a triangle equivalence Db(mod≥0R) ∩Db(mod≥a+1R)∗ ≃ Db(qgrR).
Therefore if a = 0, then DZsg(R) ≃ D
b(qgrR). If a < 0 (resp. a > 0), then there is
a fully faithful triangle functor DZsg(R) → D
b(qgrR) (resp. Db(qgrR)→ DZsg(R)).
This gives a new connection between CM representations and algebraic geometry.
2.4. Representation theory. We start with Auslander-Reiten theory.
Let R be a commutative ring, and D the Matlis duality. A triangulated category
T is called R-linear if each morphism set HomT (X,Y ) has an R-module structure
and the composition HomT (X,Y ) ×HomT (Y, Z)→ HomT (X,Z) is R-bilinear. It
is called Hom-finite if each morphism set has finite length as an R-module.
Definition 2.13. [RV2] A Serre functor is an R-linear autoequivalence S : T → T
such that there exists a functorial isomorphism HomT (X,Y ) ≃ DHomT (Y, SX) for
any X,Y ∈ T (called Auslander-Reiten duality or Serre duality). The composition
τ = S ◦ [−1] is called the AR translation.
For d ∈ Z, we say that T is d-Calabi-Yau if [d] gives a Serre functor of T .
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A typical example of a Serre functor is given by a smooth projective variety X
over a field k. In this case, Db(cohX) has a Serre functor − ⊗X ω[d], where ω is
the canonical bundle of X and d is the dimension of X [Hu].
Example 2.14. [Ha, BIY] Let Λ be a finite dimensional k-algebra. Then Kb(proj Λ)
has a Serre functor if and only if Λ is Iwanaga-Gorenstein, and Db(modΛ) has a
Serre functor if and only if gl.dimΛ <∞. In both cases, the Serre functor is given
by ν = −
L
⊗Λ(DΛ), and the AR translation is given by τ = ν ◦ [−1].
For AR theory of CM modules, we need the following notion.
Definition 2.15. LetR be a Gorenstein ring with dimR = d. We denote by CM0R
the full subcategory of CMR consisting of all X such that Xp ∈ projRp holds for
all p ∈ SpecR with dimRp < d. When R is local, such an X is called locally free
on the punctured spectrum [Yo]. If R is G-graded, we denote by CMG0 R the full
subcategory of CMGR consisting of all X which belong to CM0R as ungraded
R-modules.
As before, CMG0 R is a Frobenius category, and CM
G
0 R is a triangulated category.
Note that CM0R = CMR holds if and only if R satisfies Serre’s (Rd−1) condition
(i.e. Rp is regular for all p ∈ SpecR with dimRp < d). This means that R has at
worst an isolated singularity if R is local.
The following is a fundamental theorem of CM representations.
Theorem 2.16. [Au1, AR1] Let R be a Gorenstein ring with dimR = d. Then
CM0R is a (d− 1)-Calabi-Yau triangulated category. If R is G-graded and has an
a-invariant a ∈ G, then CMG0 R has a Serre functor (a)[d− 1].
Let us introduce a key notion in Auslander-Reiten theory. We call an additive
category C Krull-Schmidt if any object in C is isomorphic to a finite direct sum
of objects whose endomorphism rings are local. We denote by ind C the set of
isomorphism classes of indecomposable objects in C.
Definition 2.17. [Ha] Let T be a Krull-Schmidt triangulated category. We call a
triangle X
f
−→ Y
g
−→ Z
h
−→ X [1] in T an almost split triangle if:
• X and Z are indecomposable, and h 6= 0 (i.e. the triangle does not split).
• Any morphism W → Z which is not a split epimorphism factors through g.
• Any morphism X →W which is not a split monomorphism factors through f .
We say that T has almost split triangles if for any indecomposable object X (resp.
Z), there is an almost split triangle X → Y → Z → X [1].
There is a close connection between almost split triangles and Serre functors.
Theorem 2.18. [RV2] Let T be an R-linear Hom-finite Krull-Schmidt triangulated
category. Then T has a Serre functor if and only if T has almost split triangles.
In this case, X ≃ τZ holds in each almost split triangle X → Y → Z → X [1] in T .
When T has almost split triangles, one can define the AR quiver of T , which
has ind T as the set of vertices. It describes the structure of T (see [Ha]). Similarly,
almost split sequences and the AR quiver are defined for exact categories [ASS, LW].
In the rest of this section, we discuss the following notion.
Definition 2.19. A finite dimensional k-algebra Λ is called representation-finite if
ind(modΛ) is a finite set. It is also said to be of finite representation type.
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The classification of representation-finite algebras was one of the main subjects
in the 1980s. Here we recall only one theorem, and refer to [GR] for further results.
A Dynkin quiver (resp. extended Dynkin quiver) is a quiver obtained by orienting
each edge of one of the following diagrams An, Dn and En (resp. A˜n, D˜n and E˜n).
(2.2)
◦
An (n ≥ 1) • • • · · · • • • A˜n (n ≥ 1) • • • · · · • • •
• •
Dn (n ≥ 4) • • • · · · • • D˜n (n ≥ 4) • • • · · · • •
◦ ◦
• •
E6 • • • • • E˜6 • • • • •
• •
E7 • • • • • • E˜7 ◦ • • • • • •
• •
E8 • • • • • • • E˜8 • • • • • • • ◦
Now we are able to state Gabriel’s Theorem below. For results in non-Dynkin
case, we refer to Kac’s theorem in [GR].
Theorem 2.20. [ASS] Let Q be a connected acyclic quiver and k a field. Then kQ
is representation-finite if and only if Q is Dynkin. In this case, there is a bijection
between ind(mod kQ) and the set Φ+ of positive roots in the root system of Q.
For a quiver Q, we define a new quiver ZQ: The set of vertices is Z ×Q0. The
arrows are (ℓ, a) : (ℓ, s(a)) → (ℓ, t(a)) and (ℓ, a∗) : (ℓ, t(a)) → (ℓ + 1, s(a)) for each
ℓ ∈ Z and a ∈ Q1. For example, if Q = [1
a
−→ 2
b
−→ 3], then ZQ is as follows.
· · ·
(−2, 3)
(−1, 1)
(−1, 2)
(−1, 3)
(0, 1)
(0, 2)
(0, 3)
(1, 1)
(1, 2)
(1, 3)
(2, 1)
(2, 2)
(2, 3)
(3, 1)
(3, 2)
(3, 3)
(4, 1)
· · ·
??⑧⑧
??⑧⑧
??⑧⑧
??⑧⑧
??⑧⑧
??⑧⑧
??⑧⑧
??⑧⑧
??⑧⑧
??⑧⑧❄
❄

❄❄

❄❄

❄❄

❄❄

❄❄

❄❄

❄❄

❄❄

❄❄
If the underlying graph ∆ of Q is a tree, then ZQ depends only on ∆. Thus ZQ is
written as Z∆.
The AR quiver of Db(mod kQ) has a simple description [Ha].
Proposition 2.21. [Ha]
(a) Let Λ be a finite dimensional hereditary algebra. Then there is a bijection
ind(modΛ)× Z→ indDb(modΛ) given by (X, i) 7→ X [i].
(b) For each Dynkin quiver Q, the AR quiver of Db(mod kQ) is ZQop. Moreover,
the category Db(mod kQ) is presented by the quiver ZQop with mesh relations.
Note that ZQ has an automorphism τ given by τ(ℓ, i) = (ℓ − 1, i) for (ℓ, i) ∈
Z×Q0, which corresponds to the AR translation.
Now we discuss CM-finiteness. For an additive category C and an objectM ∈ C,
we denote by addM the full subcategory of C consisting of direct summands of finite
direct sum of copies of M . We call M an additive generator of C if C = addM .
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Definition 2.22. An Iwanaga-Gorenstein ring Λ is called CM-finite if CMΛ has
an additive generator M . In this case, we call EndΛ(M) the Auslander algebra.
When CMΛ is Krull-Schmidt, Λ is CM-finite if and only if ind(CMΛ) is a finite
set. It is also said to be of finite CM type or representation-finite.
Let us recall the classification of CM-finite Gorenstein rings given in the 1980s.
Let k be an algebraically closed field of characteristic zero. A hypersurface R =
k[[x, y, z2 . . . , zd]]/(f) is called a simple singularity if
(2.3) f =

xn+1 + y2 + z22 + · · ·+ z
2
d An
xn−1 + xy2 + z22 + · · ·+ z
2
d Dn
x4 + y3 + z22 + · · ·+ z
2
d E6
x3y + y3 + z22 + · · ·+ z
2
d E7
x5 + y3 + z22 + · · ·+ z
2
d E8.
We are able to state the following result. We refer to [LW] for results in positive
characteristic.
Theorem 2.23. [BGS, Kn] Let R be a complete local Gorenstein ring containing
the residue field k, which is an algebraically closed field of characteristic zero. Then
R is CM-finite if and only if it is a simple singularity.
We will see that tilting theory explains why Dynkin quivers appear in both
Theorems 2.20 and 2.23 (see Example 4.5 and Corollary 5.2 below).
Now we describe the AR quivers of simple singularities. Recall that each quiver
Q gives a new quiver ZQ. For an automorphism φ of ZQ, an orbit quiver ZQ/φ is
naturally defined. For example, ZQ/τ is the double Q of Q obtained by adding an
inverse arrow a∗ : j → i for each arrow a : i→ j.
Proposition 2.24. [Yo, DW] Let R be a simple singularity with dimR = d. Then
the AR quiver of CMR is Z∆/φ, where ∆ and φ are given as follows.
(a) If d is even, then ∆ is the Dynkin diagram of the same type as R, and φ = τ .
(b) If d is odd, then ∆ and φ are given as follows.
R A2n−1 A2n D2n D2n+1 E6 E7 E8
∆ Dn+1 A2n D2n A4n−1 E6 E7 E8
φ τι τ 1/2 τ 2 τ ι τ ι τ 2 τ 2
Here ι is the involution of Z∆ induced by the non-trivial involution of ∆, and
τ1/2 is the automorphism of ZA2n satisfying (τ
1/2)2 = τ .
In dimension 2, simple singularities (over a sufficiently large field) have an alter-
native description as invariant subrings. This enables us to draw the AR quiver of
the category CMR systematically.
Example 2.25. [Au2, LW] Let k[[u, v]] be a formal power series ring over a field k
and G a finite subgroup of SL2(k) such that #G is non-zero in k. Then CMS
G =
addS holds, and the Auslander algebra EndSG(S) is isomorphic to the skew group
ring S ∗ G. This is a free S-module with basis G, and the multiplication is given
by (sg)(s′g′) = sg(s′)gg′ for s, s′ ∈ S and g, g′ ∈ G. Thus the AR quiver of CMSG
coincides with the Gabriel quiver of S ∗G, and hence with the McKay quiver of G,
which is the double of an extended Dynkin quiver. This is called algebraic McKay
correspondence.
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On the other hand, the dual graph of the exceptional curves in the minimal
resolution X of the singularity SpecSG is a Dynkin graph. This is called geometric
McKay correspondence. There is a geometric construction of CM SG-modules using
X [AV], which is a prototype of non-commutative crepant resolutions [V1, V2].
3. Tilting and cluster tilting
3.1. Tilting theory. Tilting theory is a Morita theory for triangulated categories.
It has an origin in Bernstein-Gelfand-Ponomarev reflection for quiver representa-
tions, and established by works of Brenner-Butler, Happel-Ringel, Rickard, Keller
and others (see e.g. [AHK]). The class of silting objects was introduced to complete
the class of tilting objects in the study of t-structures [KV1] and mutation [AI].
Definition 3.1. Let T be a triangulated category. A full subcategory of T is thick
if it is closed under cones, [±1] and direct summands. We call an object T ∈ T
tilting (resp. silting) if HomT (T, T [i]) = 0 holds for all integers i 6= 0 (resp. i > 0),
and the smallest thick subcategory of T containing T is T .
The principal example of tilting objects appears in Kb(proj Λ) for a ring Λ.
It has a tilting object given by the stalk complex Λ concentrated in degree zero.
Conversely, any triangulated category with a tilting object is triangle equivalent to
Kb(projΛ) under mild assumptions (see [Ki2] for a detailed proof).
Theorem 3.2. [Ke1] Let T be an algebraic triangulated category and T ∈ T a
tilting object. If T is idempotent complete, then there is a triangle equivalence
T ≃ Kb(projEndT (T )) sending T to EndT (T ).
As an application, one can deduce Rickard’s fundamental Theorem [Ric1], char-
acterizing when two rings are derived equivalent in terms of tilting objects. Another
application is the following converse of Proposition 2.21(b).
Example 3.3. Let T be a k-linear Hom-finite Krull-Schmidt algebraic triangulated
category over an algebraically closed field k. If the AR quiver of T is ZQ for a
Dynkin quiver Q, then T has a tilting object T =
⊕
i∈Q0
(0, i) for (0, i) ∈ Z×Q0 =
(ZQ)0 = ind T . Thus there is a triangle equivalence T ≃ D
b(mod kQop).
The following is the first main problem we will discuss in this paper.
Problem 3.4. Find a G-graded Iwanaga-Gorenstein ring Λ such that there is a
triangle equivalence CMGΛ ≃ Kb(proj Γ) for some ring Γ. Equivalently (by The-
orem 3.2), find a G-graded Iwanaga-Gorenstein ring Λ such that there is a tilting
object in CMGΛ.
3.2. Cluster tilting and higher Auslander-Reiten theory. The notion of clus-
ter tilting appeared naturally in a context of higher Auslander-Reiten theory [Iy3].
It also played a central role in categorification of cluster algebras [FZ] by using
cluster categories, a new class of triangulated categories introduced in [BMRRT],
and preprojective algebras [GLS3]. Here we explain only the minimum necessary
background for the aim of this paper.
Let Λ be a finite dimensional k-algebra with gl.dimΛ ≤ d. Then Db(modΛ) has
a Serre functor ν by Example 2.14. Using the higher AR translation νd := ν ◦ [−d]
of Db(modΛ), the orbit category C◦d(Λ) = D
b(modΛ)/νd is defined. It has the
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same objects as Db(modΛ), and the morphism space is given by
HomC◦
d
(Λ)(X,Y ) =
⊕
i∈Z
HomDb(modΛ)(X, ν
i
d(Y )),
where the composition is defined naturally. In general, C◦d(Λ) does not have a natu-
ral structure of a triangulated category. The d-cluster category of Λ is a triangulated
category Cd(Λ) containing C
◦
d(Λ) as a full subcategory such that the composition
Db(modΛ)→ C◦d(Λ) ⊂ Cd(Λ) is a triangle functor. It was constructed in [BMRRT]
for hereditary case where Cd(Λ) = C
◦
d(Λ) holds, and in [Ke2, Ke3, Am1, Gu] for
general case by using a DG enhancement of Db(modΛ).
We say that Λ is νd-finite if H
0(ν−id (Λ)) = 0 holds for i≫ 0. This is automatic
if gl.dimΛ < d. In the hereditary case d = 1, Λ is ν1-finite if and only if it is
representation-finite. The following is a basic property of d-cluster categories.
Theorem 3.5. [Am1, Gu] Let Λ be a finite dimensional k-algebra with gl.dimΛ ≤
d. Then Λ is νd-finite if and only if Cd(Λ) is Hom-finite. In this case, Cd(Λ) is a
d-Calabi-Yau triangulated category.
Thus, if Λ is νd-finite, then Cd(Λ) never has a tilting object. But the object Λ in
Cd(Λ) still enjoys a similar property to tilting objects. Now we recall the following
notion, introduced in [Iy1] as a maximal (d− 1)-orthogonal subcategory.
Definition 3.6. [Iy1] Let T be a triangulated or exact category and d ≥ 1. We call
a full subcategory C of T d-cluster tilting if C is a functorially finite subcategory of
T such that
C = {X ∈ T | ∀i ∈ {1, 2, . . . , d− 1} ExtiT (C, X) = 0}
= {X ∈ T | ∀i ∈ {1, 2, . . . , d− 1} ExtiT (X, C) = 0}.
We call an object T ∈ T d-cluster tilting if addT is a d-cluster tilting subcategory.
If T has a Serre functor S, then it is easy to show (S ◦ [−d])(C) = C. Thus it is
natural in our setting T = Db(modΛ) to consider the full subcategory
(3.1) Ud(Λ) := add{ν
i
d(Λ) | i ∈ Z} ⊂ D
b(modΛ).
Equivalently, Ud(Λ) = π
−1(addπΛ) for the functor π : Db(modΛ) → Cd(Λ). In
the hereditary case d = 1, U1(Λ) = D
b(modΛ) holds if Λ is representation-finite,
and otherwise U1(Λ) is the connected component of the AR quiver of D
b(modΛ)
containing Λ. This observation is generalized as follows.
Theorem 3.7. [Am1, Iy4] Let Λ be a finite dimensional k-algebra with gl.dimΛ ≤
d. If Λ is νd-finite, then Cd(Λ) has a d-cluster tilting object Λ, and D
b(modΛ) has
a d-cluster tilting subcategory Ud(Λ).
We define a full subcategory of Db(modΛ) by
DdZ(modΛ) = {X ∈ Db(modΛ) | ∀i ∈ Z \ dZ, Hi(X) = 0}.
If gl.dimΛ ≤ d, then any object in DdZ(modΛ) is isomorphic to a finite direct sum
of X [di] for some X ∈ modΛ and i ∈ Z. This generalizes Proposition 2.21(a) for
hereditary algebras, and motivates the following definition.
Definition 3.8. [HIO] Let d ≥ 1. A finite dimensional k-algebra Λ is called d-
hereditary if gl.dimΛ ≤ d and Ud(Λ) ⊂ D
dZ(modΛ).
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It is clear that 1-hereditary algebras are precisely hereditary algebras. We have
the following dichotomy of d-hereditary algebras.
Theorem 3.9. [HIO] Let Λ be a ring-indecomposable finite dimensional k-algebra
with gl.dimΛ ≤ d. Then Λ is d-hereditary if and only if either (i) or (ii) holds:
(i) There exists a d-cluster tilting object in modΛ.
(ii) ν−id (Λ) ∈ modΛ holds for any i ≥ 0.
When d = 1, the above (i) holds if and only if Λ is representation-finite, and the
above (ii) holds if and only if Λ is d-representation-infinite.
Definition 3.10. Let Λ be a d-hereditary algebra. We call Λ d-representation-finite
if the above (i) holds, and d-representation-infinite if the above (ii) holds.
Example 3.11. (a) Let Λ = kQ for a connected acyclic quiver Q. Then Λ is
1-representation-finite if Q is Dynkin, and 1-representation-infinite otherwise.
(b) Let X be a smooth projective variety with dimX = d, and T ∈ cohX a tilting
object in Db(cohX). Then Λ = EndX(T ) always satisfies gl.dimΛ ≥ d. If the
equality holds, then Λ is d-representation-infinite [BuH].
(c) There is a class of finite dimensional k-algebras called Fano algebras [Mi, MM]
in non-commutative algebraic geometry. So-called extremely Fano algebras Λ
with gl.dimΛ = d are d-representation-infinite.
It is known that d-cluster tilting subcategories of a triangulated (resp. exact)
category T enjoy various properties which should be regarded as higher analogues
of those of T . For example, they have almost split (d + 2)-angles by [IYo] (resp.
d-almost split sequences by [Iy1]), and structures of (d+2)-angulated categories by
[GKO] (resp. d-abelian categories by [Jas]). These motivate the following definition.
Definition 3.12 (cf. Definition 2.22). An Iwanaga-Gorenstein ring Λ is called d-
CM-finite if there exists a d-cluster tilting object M in CMΛ. In this case, we call
EndΛ(M) the d-Auslander algebra and EndΛ(M) the stable d-Auslander algebra.
1-CM-finiteness coincides with classical CM-finiteness since 1-cluster tilting ob-
jects are precisely additive generators. d-Auslander correspondence gives a char-
acterization of a certain nice class of algebras with finite global dimension as
d-Auslander algebras [Iy2]. As a special case, it gives a connection with non-
commutative crepant resolutions (NCCRs) of Van den Bergh [V2]. Recall that a
reflexive module M over a Gorenstein ring R gives an NCCR EndR(M) of R if
EndR(M) is a non-singular R-order (see Definition 2.3(c)).
Theorem 3.13. [Iy2] Let R be a Gorenstein ring with dimR = d + 1. Assume
M ∈ CMR has R as a direct summand. Then M is a d-cluster tilting object in
CMR if and only if M gives an NCCR of R and R satisfies Serre’s (Rd) condition.
The following generalizes Example 2.25.
Example 3.14. [Iy1, V2] Let S = k[[x0, . . . , xd]] be a formal power series ring
and G a finite subgroup of SLd+1(k) such that #G is non-zero in k. Then the
SG-module S gives an NCCR EndSG(S) = S ∗ G of S
G. If SG has at worst an
isolated singularity, then S is a d-cluster tilting object in CMSG, and hence SG is
d-CM-finite with the d-Auslander algebra S ∗G. As in Example 2.25, the quiver of
addS coincides with the Gabriel quiver of S ∗G and with the McKay quiver of G.
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The following is the second main problem we will discuss in this paper.
Problem 3.15. Find a d-CM-finite Iwanaga-Gorenstein ring. More strongly (by
Theorem 3.7), find an Iwanaga-Gorenstein ring Λ such that there is a triangle
equivalence CMΛ ≃ Cd(Γ) for some algebra Γ.
We refer to [EH, Ber] for some necessary conditions for d-CM-finiteness. Besides
results in this paper, a number of examples of NCCRs have been found, see e.g.
[Le, W, SV] and references therein.
It is natural to ask how the notion of d-CM-finiteness is related to CM-tameness
(e.g. [BD]) and also the representation type of homogeneous coordinate rings of
projective varieties (e.g. [FM]).
4. Results in dimension 0 and 1
4.1. Dimension zero. In this subsection, we consider finite dimensional Iwanaga-
Gorenstein algebras. We start with a classical result due to Happel [Ha]. Let Λ
be a finite dimensional k-algebra. The trivial extension algebra of Λ is T (Λ) =
Λ ⊕ DΛ, where the multiplication is given by (λ, f)(λ′, f ′) = (λλ′, λf ′ + fλ′) for
(λ, f), (λ′, f ′) ∈ T (Λ). This is clearly a self-injective k-algebra, and has a Z-grading
given by T (Λ)0 = Λ, T (Λ)1 = DΛ and T (Λ)i = 0 for i 6= 0, 1.
Theorem 4.1. [Ha] Let Λ be a finite dimensional k-algebra with gl.dimΛ < ∞.
Then modZT (Λ) has a tilting object Λ such that EndZT (Λ)(Λ) ≃ Λ, and there is a
triangle equivalence
(4.1) modZT (Λ) ≃ Db(modΛ).
As an application, it follows from Gabriel’s Theorem 2.20 and covering theory
that T (kQ) is representation-finite for any Dynkin quiver Q. More generally, a large
family of representation-finite self-injective algebras was constructed from Theorem
4.1. See a survey article [Sk].
Recently, Theorem 4.1 was generalized to a large class of Z-graded self-injective
algebras Λ. For X ∈ modZ Λ, let X≥0 =
⊕
i≥0Xi.
Theorem 4.2. [Ya] Let Λ =
⊕
i≥0 Λi be a Z-graded finite dimensional self-injective
k-algebra such that gl.dimΛ0 <∞. Then mod
ZΛ has a tilting object T =
⊕
i>0 Λ(i)≥0,
and there is a triangle equivalence modZΛ ≃ Kb(projEndZΛ(T )).
If soc Λ ⊂ Λa for some a ∈ Z, then End
Z
Λ(T ) has a simple description
EndZΛ(T ) ≃


Λ0 0 · · · 0 0
Λ1 Λ0 · · · 0 0
...
...
. . .
...
...
Λa−2 Λa−3 · · · Λ0 0
Λa−1 Λa−2 · · · Λ1 Λ0


.
For example, if Λ = k[x]/(xa+1) with deg x = 1, then EndZΛ(T ) is the path algebra
kAa of the quiver of type Aa.
We end this subsection with posing the following open problem.
Problem 4.3. Let Λ =
⊕
i≥0 Λi be a Z-graded finite dimensional Iwanaga-Gorenstein
algebra. When does CMZΛ have a tilting object?
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Recently, it was shown in [LZ] and [KMY] independently that if Λ =
⊕
i≥0 Λi is
a Z-graded finite dimensional 1-Iwanaga-Gorenstein algebra satisfying gl.dimΛ0 <
∞, then the stable category CMZΛ has a silting object. We will see some other
results in Section 5.4. We refer to [DI] for some results on Problem 3.15.
4.2. Dimension one. In this subsection, we consider a Z-graded Gorenstein ring
R =
⊕
i≥0Ri with dimR = 1 such that R0 is a field. Let S be the multiplicative
set of all homogeneous non-zerodivisors of R, and K = RS−1 the Z-graded total
quotient ring. Then there exists a positive integer p such that K(p) ≃ K as Z-
graded R-modules. In this setting, we have the following result (see Definitions
2.15 and 2.11 for CMZ0 R and the a-invariant).
Theorem 4.4. [BIY] Let R =
⊕
i≥0 Ri be a Z-graded Gorenstein ring with dimR =
1 such that R0 is a field, and a the a-invariant of R.
(a) Assume a ≥ 0. Then CMZ0R has a tilting object T =
⊕a+p
i=1 R(i)≥0, and there
is a triangle equivalence CMZ0R ≃ K
b(proj EndZR(T )).
(b) Assume a < 0. Then CMZ0R has a silting object
⊕a+p
i=1 R(i)≥0. Moreover, it
has a tilting object if and only if R is regular.
An important tool in the proof is Theorem 2.12. The endomorphism algebra of
T above has the following description.
EndZR(T ) =


R0 0 · · · 0 0 0 0 · · · 0 0
R1 R0 · · · 0 0 0 0 · · · 0 0
...
...
. . .
...
...
...
... · · ·
...
...
Ra−2 Ra−3 · · · R0 0 0 0 · · · 0 0
Ra−1 Ra−2 · · · R1 R0 0 0 · · · 0 0
Ka Ka−1 · · · K2 K1 K0 K−1 · · · K2−p K1−p
Ka+1 Ka · · · K3 K2 K1 K0 · · · K3−p K2−p
...
...
...
...
...
...
...
. . .
...
...
Ka+p−2 Ka+p−3 · · · Kp Kp−1 Kp−2 Kp−3 · · · K0 K−1
Ka+p−1 Ka+p−2 · · · Kp+1 Kp Kp−1 Kp−2 · · · K1 K0


.
As an application, we obtain the following graded version of Proposition 2.24(b).
Example 4.5. Let R = k[x, y]/(f) be a simple singularity (2.3) with dimR = 1
and the grading given by the list below. Then there is a triangle equivalence
CMZR ≃ Db(mod kQ), whereQ is the Dynkin quiver in the list below. In particular,
the AR quiver of CMZR is ZQop [Ar].
R A2n−1 A2n D2n D2n+1 E6 E7 E8
(deg x,deg y) (1, n) (2, 2n+ 1) (1, n− 1) (2, 2n− 1) (3, 4) (2, 3) (3, 5)
Q Dn+1 A2n D2n A4n−1 E6 E7 E8
This gives a conceptual proof of the classical result that simple singularities in
dimension 1 are CM-finite [Jac, DR, GK].
In the special case below, one can construct a different tilting object, whose
endomorphism algebra is 2-representation-finite (Definition 3.10). This is closely
related to the 2-cluster tilting object constructed in [BIKR].
Theorem 4.6. [HI2] Let R = k[x, y]/(f) be a hypersurface singularity with f =
f1f2 · · · fn for linear forms fi and deg x = deg y = 1. Assume that R is reduced.
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(a) CMZR has a tilting object U =
⊕n
i=1(k[x, y]/(f1f2 · · · fi)⊕k[x, y]/(f1f2 · · · fi)(1)).
(b) EndZR(U) is a 2-representation-finite algebra. It is the Jacobian algebra of a
certain quiver with potential.
We refer to [DL, JKS, Ge] for other results in dimension one.
5. Preprojective algebras
5.1. Classical preprojective algebras. Preprojective algebras are widely stud-
ied objects with various applications, e.g. cluster algebras [GLS3], quantum groups
[KS, Lu], quiver varieties [Na]. Here we discuss a connection to CM representations.
Let Q be an acyclic quiver, and Q the double of Q obtained by adding an inverse
arrow a∗ : j → i for each arrow a : i→ j in Q. The preprojective algebra of Q is the
factor algebra of the path algebra kQ defined by
(5.1) Π = kQ/(
∑
a∈Q1
(aa∗ − a∗a)).
We regard Π as a Z-graded algebra by deg a = 0 and deg a∗ = 1 for any a ∈ Q1.
Clearly Π0 = kQ holds. Moreover Π1 = Ext
1
kQ(D(kQ), kQ) as a kQ-bimodule, and
Π is isomorphic to the tensor algebra TkQ Ext
1
kQ(D(kQ), kQ). Thus the kQ-module
Πi is isomorphic to the preprojective kQ-module H
0(τ−i(kQ)), where τ = ν ◦ [−1]
is the AR translation. This is the reason why Π is called the preprojective algebra.
Moreover, for the category U1(kQ) defined in (3.1), there is an equivalence
(5.2) U1(kQ) = add{τ
−i(kQ) | i ∈ Z} ≃ projZΠ
given by X 7→
⊕
i∈ZHomU1(kQ)(kQ, τ
−i(X)), which gives the following trichotomy.
Q Dynkin extended Dynkin else
kQ representation-finite representation-tame representation-wild
dimk Πi dimk Π <∞ linear growth exponential growth
It was known in 1980s that, Π in the extended Dynkin case has a close connection
to simple singularities.
Theorem 5.1. [Au1, GL1, GL2, RV1] Let Π be a preprojective algebra of an ex-
tended Dynkin quiver Q, e the vertex ◦ in (2.2), and R = eΠe.
(a) R is the simple singularity k[x, y, z]/(f) in dimension 2 with the induced Z-
grading below, where p in type An is the number of clockwise arrows in Q.
Q,R An D2n D2n+1
f xn+1 − yz x(y2 + xn−1y) + z2 x(y2 + xn−1z) + z2
(deg x,deg y,deg z) (1, p, n+ 1− p) (2, 2n− 2, 2n− 1) (2, 2n− 1, 2n)
Q,R E6 E7 E8
f x2z + y3 + z2 x3y + y3 + z2 x5 + y3 + z2
(deg x,deg y,deg z) (3, 4, 6) (4, 6, 9) (6, 10, 15)
(b) Πe is an additive generator of CMR and satisfies EndR(Πe) = Π. Therefore
R is CM-finite with an Auslander algebra Π.
(c) Π is Morita equivalent to the skew group ring k[u, v] ∗ G for a finite subgroup
G of SL2(k) if k is sufficiently large (cf. Example 2.25).
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By (b) and (5.2) above, there are equivalences CMZR ≃ projZΠ ≃ U1(kQ) ⊂
Db(mod kQ). Thus the AR quivers of CMZR and CMZR are given by ZQop and
Z(Qop\{e}) respectively. Now the following result follows from Example 3.3.
Corollary 5.2. Under the setting in Theorem 5.1, there is a triangle equivalence
CMZR ≃ Db(mod kQ/(e)).
Two other proofs were given in [KST1], one uses explicit calculations of Z-graded
matrix factorizations, and the other uses Theorem 2.12. In Theorem 5.8 below, we
deduce Corollary 5.2 from a general result on higher preprojective algebras. We
refer to [KST2, LP] for results for some other hypersurfaces in dimension 2.
5.2. Higher preprojective algebras. There is a natural analogue of preprojec-
tive algebras for finite dimensional algebras with finite global dimension.
Definition 5.3. [IO] Let Λ be a finite dimensional k-algebra with gl.dimΛ ≤ d.
We regard the highest extension ExtdΛ(DΛ,Λ) as a Λ-bimodule naturally, and define
the (d+ 1)-preprojective algebra as the tensor algebra
Πd+1(Λ) = TΛ Ext
d
Λ(DΛ,Λ).
This is the 0-th cohomology of the Calabi-Yau completion of Λ [Ke3]. For ex-
ample, for an acyclic quiver Q, Π2(kQ) is the preprojective algebra (5.1).
The algebra Π = Πd+1(Λ) has an alternative description in terms of the higher
AR translation νd = ν ◦ [−d] of D
b(modΛ). The Z-grading on Π is given by
Πi = Ext
d
Λ(DΛ,Λ)
⊗Λi = HomDb(modΛ)(Λ, ν
−i
d (Λ))
for i ≥ 0. Thus there is an isomorphism Π ≃ EndCd(Λ)(Λ) and an equivalence
(5.3) Ud(Λ) ≃ proj
ZΠ
given by X 7→
⊕
i∈ZHomUd(Λ)(Λ, ν
−i
d (X)). In particular, Π is finite dimensional if
and only if Λ is νd-finite.
We see below that Πd+1(Λ) enjoys nice homological properties if Λ is d-hereditary.
Definition 5.4 (cf. [Gi]). Let Γ =
⊕
i≥0 Γi be a Z-graded k-algebra. We denote
by Γe = Γop ⊗k Γ the enveloping algebra of Γ. We say that Γ is a d-Calabi-Yau
algebra of a-invariant a (or Gorenstein parameter −a) if Γ belongs to Kb(projZ Γe)
and RHomΓe(Γ,Γ
e)(a)[d] ≃ Γ holds in D(ModZ Γe).
For example, the Z-graded polynomial algebra k[x1, . . . , xd] with deg xi = ai is
a d-Calabi-Yau algebra of a-invariant −
∑n
i=1 ai.
Now we give a homological characterization of the (d+1)-preprojective algebras
of d-representation-infinite algebras (Definition 3.10) as the explicit correspondence.
Theorem 5.5. [Ke3, MM, AIR] There exists a bijection between the set of iso-
morphism classes of d-representation-infinite algebras Λ and the set of isomor-
phism classes of (d + 1)-Calabi-Yau algebras Γ of a-invariant −1. It is given by
Λ 7→ Πd+1(Λ) and Γ 7→ Γ0.
Note that Γ above is usually non-noetherian. If Γ is right graded coherent, then
for the category qgr Γ defined in (2.1), there is a triangle equivalence [Mi]
(5.4) Db(modΛ) ≃ Db(qgr Γ).
Applying Theorem 5.5 for d = 1, 2, we obtain the following observations (see [V3]
for a structure theorem of (ungraded) Calabi-Yau algebras).
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Example 5.6. Let k be an algebraically closed field.
(a) (cf. [Bo1]) 2-Calabi-Yau algebras of a-invariant −1 are precisely the preprojec-
tive algebras of disjoint unions of non-Dynkin quivers.
(b) (cf. [Bo1, HI1]) 3-Calabi-Yau algebras of a-invariant −1 are precisely the Jaco-
bian algebras of quivers with ‘good’ potential with cuts.
The setting of our main result is the following.
Assumption 5.7. Let Γ be a (d+1)-Calabi-Yau algebras of a-invariant −1. Equiv-
alently by Theorem 5.5, Γ is a (d+1)-preprojective algebra of some d-representation-
infinite algebra. We assume that the following conditions hold for Λ = Γ0.
(i) Γ is a noetherian ring, e ∈ Λ is an idempotent and dimk(Γ/(e)) <∞.
(ii) eΛ(1− e) = 0.
For example, let Q be an extended Dynkin quiver. If the vertex ◦ in (2.2) is a
sink, then Γ = Π2(kQ) and e = ◦ satisfy Assumption 5.7 by Theorem 5.1.
Under Assumption 5.7(i), let R = eΓe. Then R is a (d+ 1)-Iwanaga-Gorenstein
ring, and the (Γ, R)-bimodule Γe plays an important role. It is a CM R-module,
and gives a d-cluster tilting object in CMR. Moreover the natural morphism Γ→
EndR(Γe) is an isomorphism. Thus R is d-CM-finite and has a d-Auslander algebra
Γ. The proof of these statements is parallel to Example 3.14.
Regarding Γe as a Z-graded R-module, we consider the composition
F : Db(modΛ/(e))→ Db(modΛ)
−
L
⊗Λ Γe−−−−−→ Db(modZR)→ CMZR,
where the first functor is induced from the surjective morphism Λ → Λ/(e), and
the last functor is given by Theorem 2.10. Under Assumption 5.7(ii), F is shown
to be a triangle equivalence. A crucial step is to show that F restricts to an equiv-
alence Ud(Λ/(e)) → add{Γe(i) | i ∈ Z}, which are d-cluster tilting subcategories
of Db(modΛ/(e)) and CMZR respectively (Theorem 3.7). Similarly, we obtain a
triangle equivalence Cd(Λ/(e)) ≃ CMR by using universality of d-cluster categories
[Ke2]. As a summary, we obtain the following results.
Theorem 5.8. [AIR] Under Assumption 5.7(i), let R = eΓe and Λ = Γ0.
(a) R is a (d+ 1)-Iwanaga-Gorenstein algebra, and Γe is a CM R-module.
(b) Γe is a d-cluster tilting object in CMR and satisfies EndR(Γe) = Γ. Thus R is
d-CM-finite and has a d-Auslander algebra Γ
(c) If Assumption 5.7(ii) is satisfied, then there exist triangle equivalences
Db(modΛ/(e)) ≃ CMZR and Cd(Λ/(e)) ≃ CMR.
Similar triangle equivalences were given in [TV, KY] using different methods.
There is a connection between (c) and (5.4) above via Theorem 2.12, see [Am2].
In the case d = 1, the above (c) recovers Corollary 5.2 and a triangle equivalence
CMR ≃ C1(kQ/(e)), which implies algebraic McKay correspondence in Example
2.25. Motivated by Example 3.14 and Theorem 5.1(c), we consider the following.
Example 5.9. [AIR, U1] Let S = k[x0, . . . , xd] be a polynomial algebra, and G a
finite subgroup of SLd+1(k). Then the skew group ring Γ = S ∗G is a (ungraded)
(d + 1)-Calabi-Yau algebra. Assume that G is generated by the diagonal matrix
diag(ζa0 , . . . , ζad), where ζ is a primitive n-th root of unity and 0 ≤ aj ≤ n− 1 for
each j. Then Γ is presented by the McKay quiver ofG, which has vertices Z/nZ, and
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arrows xj : i→ i+aj for each i, j. Define a Z-grading on Γ by deg(xj : i→ i+aj) = 0
if i < i+ aj as integers in {1, . . . , n}, and 1 otherwise. Then Γ is a (d+ 1)-Calabi-
Yau algebra of a-invariant −
∑
0≤j≤d aj/n. Assume that this is −1, and let e = en.
Then Assumption 5.7 is satisfied, and eΓe = SG holds. Thus Theorem 5.8 gives
triangle equivalences
Db(modΛ/(e)) ≃ CMZSG and Cd(Λ/(e)) ≃ CMS
G.
Below we draw quivers for two cases (i) n = d + 1 and a0 = · · · = ad = 1, and (ii)
d = 2, n = 5 and (a0, a1, a2) = (1, 2, 2).
(i) Γ
1
2
3· · ·
d
d + 1
✯
✯✯✯✯ ✯✯
✔ ✔✔✔✔✔✔
❴jt
✯O[✯✯ ✯✯✯✯
✔CO✔✔ ✔✔✔✔
❴*4
Λ
1
2
3· · ·
d
d + 1
✯
✯✯✯✯ ✯✯
✔ ✔✔✔✔✔✔
❴jt
✯O[✯✯ ✯✯✯✯
✔CO✔✔ ✔✔✔✔
Λ/(e)
1
2
3· · ·
d
✯
✯✯✯✯ ✯✯
✔ ✔✔✔✔✔✔
❴jt
✯O[✯✯ ✯✯✯✯
(ii) Γ
1
2
34
5
##❍
❍❍❍


✕✕
✕✕
oo
TT✮✮✮✮
;;✈✈✈✈

✮✮
✮✮
✮✮
✮
✮✮
✮✮
✮✮
✮
w ✈✈
✈✈
✈✈
✈
✈✈
✈✈
✈✈_g❍❍❍❍❍❍❍
❍❍❍❍
❍
FN
✕✕✕✕✕✕✕
✕✕✕✕✕✕✕
+3
Λ
1
2
34
5
##❍
❍❍❍


✕✕
✕✕
oo
TT✮✮✮✮ 
✮✮
✮✮
✮✮
✮
✮✮
✮✮
✮✮
✮
w ✈✈
✈✈
✈✈
✈
✈✈
✈✈
✈✈_g❍❍❍❍❍❍❍
❍❍❍❍
❍
Λ/(e)
1
2
34
##❍
❍❍❍


✕✕
✕✕
oo

✮✮
✮✮
✮✮
✮
✮✮
✮✮
✮✮
✮
w ✈✈
✈✈
✈✈
✈
✈✈
✈✈
✈✈
In (i), ❴*4 shows d + 1 arrows, SG is the Veronese subring S(d+1) and Λ is the
Beilinson algebra. For d = 2, we recover the triangle equivalence C2(kQ) ≃ CMS
G
for Q = [ 1
////// 2 ] given in [KR, KMV].
Note that similar triangle equivalences are given in [IT, U2, MU] for the skew
group rings S ∗G whose a-invariants are not equal to −1.
Example 5.10 (Dimer models). Let G be a bipartite graph on a torus, and G0
(resp. G1, G2) the set of vertices (resp. edges, faces) of G. We associate a quiver
with potential (Q,W ): The underlying graph of Q is the dual of the graph G,
and faces of Q dual to white (resp. black) vertices are oriented clockwise (resp.
anti-clockwise). Hence any vertex v ∈ G0 corresponds to a cycle cv of Q. Let
W =
∑
v:white cv −
∑
v:black cv, and Γ the Jacobian algebra of (Q,W ).
Under the assumption that G is consistent, Γ is a (ungraded) 3-Calabi-Yau
algebra, and for any vertex e, R = eΓe is a Gorenstein toric singularity in dimension
3 (see [Br, Bo2] and references therein). Using a perfect matching C on G, define
a Z-grading on Γ by deg a = 1 for all a ∈ C and deg a = 0 otherwise. If both Γ/(e)
and Λ = Γ0 are finite dimensional and eΛ(1− e) = 0 holds, then Theorem 5.8 gives
triangle equivalences
Db(modΛ/(e)) ≃ CMZR and C2(Λ/(e)) ≃ CMR.
5.3. d-representation-finite algebras. In this subsection, we study the (d+ 1)-
preprojective algebras of d-representation-finite algebras. We start with the follow-
ing basic properties.
Proposition 5.11. [GLS1, Iy4, IO] Let Λ be a d-representation-finite k-algebra
and Π = Πd+1(Λ).
(a) Π is a Z-graded finite dimensional self-injective k-algebra.
(b) modZΠ has a Serre functor (−1)[d+ 1], and modΠ is (d+ 1)-Calabi-Yau.
(c) Π is a (unique) d-cluster tilting object in modΛ.
Now we give an explicit characterization of such Π.
Definition 5.12. Let Γ =
⊕
i≥0 Γi be a Z-graded finite dimensional self-injective
k-algebra. We denote by Γe = Γop ⊗k Γ the enveloping algebra of Γ. We say that
Γ is a stably d-Calabi-Yau algebra of a-invariant a (or Gorenstein parameter −a) if
RHomΓe(Γ,Γ
e)(a)[d] ≃ Γ in DZsg(Γ
e).
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Now we give a homological characterization of the (d+1)-preprojective algebras
of d-representation-finite algebras as the explicit correspondence.
Theorem 5.13. [AO] There exists a bijection between the set of isomorphism
classes of d-representation-finite algebras Λ and the set of isomorphism classes of
stably (d+ 1)-Calabi-Yau self-injective algebras Γ of a-invariant −1. It is given by
Λ 7→ Πd+1(Λ) and Γ 7→ Γ0.
Now let Λ be a d-representation-finite k-algebra, and Π = Πd+1(Λ). Let Γ =
EndΛ(Π) be the stable d-Auslander algebra of Λ. Then we have an equivalence
(5.5) Ud(Λ) ≃ proj
Z T (Γ)
of additive categories. Thus we have triangle equivalences
modZΠ
(5.3)
≃ modUd(Λ)
(5.5)
≃ modZT (Γ)
(4.1)
≃ Db(modΓ).
By Proposition 5.11(b), the automorphism (−1) on modZΠ corresponds to νd+1
on Db(modΓ). Using universality of (d + 1)-cluster categories [Ke2], we obtain a
triangle equivalence modΠ ≃ Cd+1(Γ). As a summary, we obtain the following.
Theorem 5.14. [IO] Let Λ be a d-representation-finite k-algebra, Π = Πd+1(Λ),
and Γ = EndΛ(Π) the stable d-Auslander algebra of Λ. Then there exist triangle
equivalences
modZΠ ≃ Db(modΓ) and modΠ ≃ Cd+1(Γ).
Applying Theorem 5.14 for d = 1, we obtain the following observations.
Example 5.15. [Am1, IO] Let Π be the preprojective algebra of a Dynkin quiver
Q, and Γ the stable Auslander algebra of kQ. Then there exist triangle equivalences
modZΠ ≃ Db(modΓ) and modΠ ≃ C2(Γ).
As an application, if a quiver Q′ has the same underlying graph with Q, then the
stable Auslander algebra Γ′ of kQ′ is derived equivalent to Γ since Π is common.
In the rest of this subsection, we discuss properties of Πd+1(Λ) for a more general
class of Λ. We say that a finite dimensional k-algebra Λ with gl.dimΛ ≤ d satisfies
the vosnex property if Λ is νd-finite and satisfies HomDb(modΛ)(Ud(Λ)[i],Ud(Λ)) = 0
for all 1 ≤ i ≤ d − 2. This is automatic if d = 1, 2 or Λ is d-representation-finite.
In this case, the following generalization of Theorem 5.14 holds.
Theorem 5.16. [IO] Let Λ be a finite dimensional k-algebra with gl.dimΛ ≤ d
satisfying the vosnex property. Then Π = Πd+1(Λ) is 1-Iwanaga-Gorenstein, Γ =
EndΛ(Π) satisfies gl.dimΓ ≤ d+ 1, and there exist triangle equivalences
CMZΠ ≃ Db(modΓ) and CMΠ ≃ Cd+1(Γ).
For more general Λ, we refer to [Bel] for some properties of Πd+1(Λ).
5.4. Preprojective algebras and Coxeter groups. We discuss a family of finite
dimensional k-algebras constructed from preprojective algebras and Coxeter groups.
Let Q be an acyclic quiver and Π the preprojective algebra of kQ. The Coxeter
group of Q is generated by si with i ∈ Q0, and the relations are the following.
• s2i = 1 for all i ∈ Q0.
• sisj = sjsi if there is no arrow between i and j in Q.
• sisjsi = sjsisj if there is precisely one arrow between i and j in Q.
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Let w ∈ W . An expression w = si1si2 · · · siℓ of w is called reduced if ℓ is minimal
among all expressions of w. For i ∈ Q0, let Ii be the two-sided ideal of Π generated
by the idempotent 1 − ei. For a reduced expression w = si1 · · · siℓ , we define a
two-sided ideal of Π by
Iw := Ii1Ii2 · · · Iiℓ .
This is independent of the choice of the reduced expression of w. The corresponding
factor algebra Πw := Π/Iw is a finite dimensional k-algebra. It enjoys the following
remarkable properties.
Theorem 5.17. [BIRS, GLS2, ART]
(a) Πw is a 1-Iwanaga-Gorenstein algebra.
(b) CMΠw is a 2-Calabi-Yau triangulated category.
(c) There exists a 2-cluster tilting object
⊕ℓ
j=1 eijΠsij ···siℓ in CMΠw.
(d) There exists a triangle equivalence CMΠw ≃ C2(Λ) for some algebra Λ.
Therefore it is natural to expect that there exists a triangle equivalence CMZΠw ≃
Db(modΛ′) for some algebra Λ′. In fact, the following results are known, where we
refer to [Ki1, Ki2] for the definitions of c-sortable, c-starting and c-ending.
Theorem 5.18. Let w = si1 · · · siℓ be a reduced expression of w ∈ W .
(a) [Ki1] If w is c-sortable, then CMZΠw has a tilting object
⊕
i>0 Πw(i)≥0.
(b) [Ki2] CMZΠw has a silting object
⊕ℓ
j=1 eijΠsij ···siℓ . This is a tilting object if
the reduced expression is c-starting or c-ending.
We end this section with posing the following natural question on ‘higher cluster
combinatorics’ (e.g. [OT]), which will be related to derived equivalences of Calabi-
Yau algebras since our Iw is a tilting object in K
b(projΠ) if Q is non-Dynkin.
Problem 5.19. Are there similar results to Theorems 5.17 and 5.18 for higher
preprojective algebras? What kind of combinatorial structure will appear instead of
the Coxeter groups?
6. Geigle-Lenzing complete intersections
Weighted projective lines of Geigle-Lenzing [GL1] are one of the basic objects
in representation theory. For example, the simplest class of weighted projective
lines gives us simple singularities in dimension 2 as certain Veronese subrings. We
introduce a higher dimensional generalization of weighted projective lines following
[HIMO].
6.1. Basic properties. For a field k and an integer d ≥ 1, we consider a polyno-
mial algebra C = k[T0, . . . , Td]. For n ≥ 0, let ℓ1, . . . , ℓn be linear forms in C and
p1, . . . , pn positive integers. For simplicity, we assume pi ≥ 2 for all i. Let
R = C[X1, . . . , Xn]/(X
pi
i − ℓi | 1 ≤ i ≤ n)
be the factor algebra of the polynomial algebra C[X1, . . . , Xn], and
L = 〈~x1, . . . , ~xn,~c〉/〈pi~xi − ~c | 1 ≤ i ≤ n〉.
the factor group of the free abelian group 〈~x1, . . . , ~xn,~c〉. Then L is an abelian
group of rank 1 with torsion elements in general, and R is L-graded by degTi = ~c
for all 0 ≤ i ≤ d and degXi = ~xi for all 1 ≤ i ≤ n.
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We call the pair (R,L) a Geigle-Lenzing (GL) complete intersection if ℓ1, . . . , ℓn
are in general position in the sense that each set of at most d + 1 elements from
ℓ1, . . . , ℓn is linearly independent. We give some basic properties.
Proposition 6.1. Let (R,L) be a GL complete intersection.
(a) Xp11 − ℓ1, . . . , X
pn
n − ℓn is a C[X1, . . . , Xn]-regular sequence.
(b) R is a complete intersection ring with dimR = d+ 1 and has an a-invariant
~ω = (n− d− 1)~c−
n∑
i=1
~xi.
(c) After a suitable linear transformation of variables T0, . . . , Td, we have
R =
{
k[X1, . . . , Xn, Tn, . . . , Td] if n ≤ d+ 1,
k[X1, . . . , Xn]/(X
pi
i −
∑d+1
j=1 λi,j−1X
pj
j ) | d+ 2 ≤ i ≤ n) if n ≥ d+ 2.
(d) R is regular if and only if R is a polynomial algebra if and only if n ≤ d+ 1.
(e) CMLR = CML0 R holds, and CM
LR has a Serre functor (~ω)[d] (Theorem 2.16).
Let δ : L→ Q be a group homomorphism given by δ(~xi) =
1
pi
and δ(~c) = 1. We
consider the following trichotomy given by the sign of δ(~ω) = n− d− 1−
∑n
i=1
1
pi
.
For example, (R,L) is Fano if n ≤ d+ 1.
δ(~ω) < 0 = 0 > 0
(R,L) Fano Calabi-Yau anti-Fano
d = 1 domestic tubular wild
In the classical case d = 1, the ring R has been studied in the context of weighted
projective lines. The above trichotomy is given explicitly as follows.
• 5 types for domestic: n ≤ 2, (2, 2, p), (2, 3, 3), (2, 3, 4) and (2, 3, 5).
• 4 types for tubular: (3, 3, 3), (2, 4, 4), (2, 3, 6) and (2, 2, 2, 2).
• All other types are wild.
There is a close connection between domestic type and simple singularities. The
following explains Corollary 5.2, where R(~ω) =
⊕
i∈ZRi~ω is the Veronese subring.
Theorem 6.2. [GL2] If (R,L) is domestic, then R(~ω) is a simple singularity
k[x, y, z]/(f) in dimension 2, and we have an equivalence CMLR ≃ CMZR(~ω).
The AR quiver is ZQ, where Q is given by the following table.
(p1, . . . , pn) x y z f Q
(p, q) X1X2 X
p+q
2 X
p+q
1 x
p+q − yz A˜p,q
(2, 2, 2p) X23 X
2
1 X1X2X3 x(y
2 + xpy) + z2 D˜2p+2
(2, 2, 2p+ 1) X23 X1X2 X
2
1X3 x(y
2 + xpz) + z2 D˜2p+3
(2, 3, 3) X1 X2X3 X
3
2 x
2z + y3 + z2 E˜6
(2, 3, 4) X2 X
2
3 X1X3 x
3y + y3 + z2 E˜7
(2, 3, 5) X3 X2 X1 x
5 + y3 + z2 E˜8
6.2. Cohen-Macaulay representations. To study the category CMLR, certain
finite dimensional algebras play an important role. For a finite subset I of L, let
AI =
⊕
~x,~y∈I
R~x−~y.
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We define the multiplication in AI by (r~x,~y)~x,~y∈I ·(r
′
~x,~y)~x,~y∈I = (
∑
~z∈I r~x,~zr
′
~z,~y)~x,~y∈I .
Then AI forms a finite dimensional k-algebra called the I-canonical algebra.
We define a partial order ≤ on L by writing ~x ≤ ~y if ~y− ~x belongs to L+, where
L+ is the submonoid of L generated by ~c and ~xi for all i. For ~x ∈ L, let [0, ~x] be
the interval in L, and A[0,~x] the [0, ~x]-canonical algebra. We call
ACM = A[0,d~c+2~ω]
the CM-canonical algebra.
Example 6.3. The equality d~c+ 2~ω = (n− d− 2)~c+
∑n
i=1(pi − 2)~xi holds.
(a) If n ≤ d+ 1, then ACM = 0. If n = d+ 2, then ACM =
⊗n+2
i=1 kApi−1.
(b) If n = d+ 3 and pi = 2 for all i, then A
CM has the left quiver below.
(c) If d = 1, n = 4 and (pi)
4
i=1 = (2, 2, 2, 3), then A
CM has the right quiver below.
0
~xn
~xn−1
...
~x2
~x1
~c
77♦♦♦♦♦♦♦♦♦♦♦
33❣❣❣❣❣❣❣❣❣❣
++❲❲❲❲
❲❲❲❲❲
''❖❖
❖❖❖
❖❖❖
❖❖❖
''❖❖
❖❖❖
❖❖❖
❖❖❖
++❲❲❲❲
❲❲❲❲❲
❲
33❣❣❣❣❣❣❣❣❣
77♦♦♦♦♦♦♦♦♦♦♦
0 ~x4
~x1
~x2
~x3
2~x4
~x1 + ~x4
~x2 + ~x4
~x3 + ~x4
~c ~c+ ~x4
==④④④④④④④④④④④④④
88rrrrrrrrrrrr
44❤❤❤❤❤❤❤❤❤❤ //
//
!!❈
❈❈
❈❈
❈❈
❈❈
❈❈
❈❈
//
&&▲▲
▲▲▲
▲▲▲
▲▲▲
▲
//
**❱❱❱
❱❱❱❱
❱❱❱
==④④④④④④④④④④④④④
88rrrrrrrrrr
44❤❤❤❤❤❤❤❤ // // //
!!❈
❈❈
❈❈
❈❈
❈❈
❈❈
❈❈
&&▲▲
▲▲▲
▲▲▲
▲
**❱❱❱
❱❱❱
The following is a main result in this section.
Theorem 6.4. Let (R,L) be a GL complete intersection. Then there is a triangle
equivalence
CMLR ≃ Db(modACM).
In particular, CMLR has a tilting object.
The case n = d + 2 was shown in [KLM] (d = 1) and [FU]. An important tool
in the proof is an L-analogue of Theorem 2.12.
As an application, one can immediately obtain the following analogue of Theorem
2.23 by using the knowledge on ACM in representation theory, where we call (R,L)
CM-finite if there are only finitely many isomorphism classes of indecomposable
objects in CMLR up to degree shift (cf. Definition 2.22).
Corollary 6.5. Let (R,L) be a GL complete intersection. Then (R,L) is CM-finite
if and only if one of the following conditions hold.
(i) n ≤ d+ 1.
(ii) n = d + 2, and (p1, . . . , pn) = (2, . . . , 2, pn), (2, . . . , 2, 3, 3), (2, . . . , 2, 3, 4) or
(2, . . . , 2, 3, 5) up to permutation.
We call a GL complete intersection (R,L) d-CM-finite if there exists a d-cluster
tilting subcategory C of CMLR such that there are only finitely many isomorphism
classes of indecomposable objects in C up to degree shift (cf. Definition 3.12). Now
we discuss which GL complete intersections are d-CM-finite. Our Theorem 3.7
gives the following sufficient condition, where a tilting object is called d-tilting if
the endomorphism algebra has global dimension at most d.
Proposition 6.6. If CMLR has a d-tilting object U , then (R,L) is d-CM-finite
and CMLR has the d-cluster tilting subcategory add{U(ℓ~ω), R(~x) | ℓ ∈ Z, ~x ∈ L}.
Therefore the following problem is of our interest.
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Problem 6.7. When does CMLR have a d-tilting object? Equivalently, when is
ACM derived equivalent to an algebra Λ with gl.dimΛ ≤ d?
Applying Tate’s DG algebra resolutions [T], we can calculate gl.dimACM. Note
that any element ~x ∈ L can be written uniquely as ~x = a~c +
∑n
i=1 ai~xi for a ∈ Z
and 0 ≤ ai ≤ pi − 1, which is called the normal form of ~x.
Theorem 6.8. (a) Write ~x ∈ L+ in normal form ~x = a~c+
∑n
i=1 ai~xi. Then
gl.dimA[0,~x] =
{
min{d+ 1, a+#{i | ai 6= 0}} if n ≤ d+ 1,
2a+#{i | ai 6= 0} if n ≥ d+ 2.
(b) If n ≥ d+ 2, then ACM has global dimension 2(n− d− 2) + #{i | pi ≥ 3}.
We obtain the following examples from Theorem 6.8 and the fact that kA2⊗kkAm
is derived equivalent to kD4 if m = 2, kE6 if m = 3, and kE8 if m = 4.
Example 6.9. In the following cases, CMLR has a d-tilting object.
(i) n ≤ d+ 1.
(ii) n = d+ 2 ≥ 3 and (p1, p2, p3) = (2, 2, p3), (2, 3, 3), (2, 3, 4) or (2, 3, 5).
(iii) n = d+ 2 ≥ 4 and (p1, p2, p3, p4) = (3, 3, p3, p4) with p3, p4 ∈ {3, 4, 5}.
(iv) #{i | pi = 2} ≥ 3(n− d)− 4.
The following gives a necessary condition for the existence of d-tilting object.
Proposition 6.10. If CMLR has a d-tilting object, then (R,L) is Fano.
Note that the converse is not true. For example, let d = 2 and (2, 5, 5, 5). Then
(R,L) is Fano since δ(~ω) = − 110 . On the other hand, A
CM =
⊗3
i=1 kA4 satisfies
ν5 = [9]. One can show that ACM is not derived equivalent to an algebra Λ with
gl.dimΛ ≤ 2 by using the inequality 2(5− 1) < 9.
6.3. Geigle-Lenzing projective spaces. Let (R,L) be a GL complete intersec-
tion. Recall that modL0 R is the Serre subcategory of mod
LR consisting of finite
dimensional modules. We consider the quotient category
cohX = qgrR = modLR/modL0 R.
We call objects in cohX coherent sheaves on the GL projective space X. We can
regard X as the quotient stack [(SpecR \ {R+})/ Spec k[L]] for R+ =
⊕
~x>0R~x.
For example, if n = 0, then X is the projective space Pd.
We study the bounded derived category Db(cohX), which is canonically triangle
equivalent to the Verdier quotient Db(modLR)/Db(modL0 R). The duality (−)
∗ =
RHomR(−, R) : D
b(modLR)→ Db(modLR) induces a duality (−)∗ : Db(cohX)→
Db(cohX). We define the category of vector bundles on X as
vectX = cohX ∩ (cohX)∗.
The composition CMLR ⊂ modLR → cohX is fully faithful, and we can regard
CMLR as a full subcategory of vectX. We have CMLR = vectX if d = 1, but this
is not the case if d ≥ 2. In fact, we have equalities
CMLR = {X ∈ vectX | ∀~x ∈ L, 1 ≤ i ≤ d− 1, Exti
X
(O(~x), X) = 0}(6.1)
= {X ∈ vectX | ∀~x ∈ L, 1 ≤ i ≤ d− 1, Exti
X
(X,O(~x)) = 0},
where O(~x) = R(~x). Now we define the d-canonical algebra by
Aca = A[0,d~c].
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Example 6.11. (a) If d = 1, then Aca is precisely the canonical algebra of Ringel
[Rin]. It is given by the following quiver with relations xpii = λi0x
p1
1 + λi1x
p2
2
for any i with 3 ≤ i ≤ n.
0
~x1
~x2
...
~xn
2~x1
2~x2
...
2~xn
· · ·
· · ·
...
· · ·
(p1 − 1)~x1
(p2 − 1)~x2
...
(pn − 1)~xn
~c
x1
;;①①①①①①①①① x2❦❦❦
55❦❦❦
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(b) If n = 0, then Aca is the Beilinson algebra.
(c) If d = 2, n = 3 and (pi)
3
i=1 = (2, 2, 2), then A
ca has the left quiver below.
(d) If d = 2, n = 4 and (pi)
4
i=1 = (2, 2, 2, 2), then A
ca has the right quiver below.
0 ~x3 ~c
~x2
~c
~x1
~c
~x2 + ~x3 ~x2 + ~c
~x3 + ~c 2~c
~x1 + ~x3 ~x1 + ~c
~x3 + ~c 2~c
~x1 + ~x2
~x1 + ~c
~x2 + ~c
2~c // //
// //
// //
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// //
// //
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0
~x1
~x2
~x3
~x4
~x1 + ~x2
~x1 + ~x3
~x1 + ~x4
~x2 + ~x3
~x2 + ~x4
~x3 + ~x4
~c
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~x4 + ~c
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As in the case of CMLR and ACM, we obtain the following results.
Theorem 6.12. Let X be a GL projective space. Then there is a triangle equiva-
lence
Db(cohX) ≃ Db(modAca).
Moreover Db(cohX) has a tilting bundle
⊕
~x∈[0,d~c]O(~x).
Some cases were known before (n = 0 [Bei], d = 1 [GL1], n ≤ d+1 [Ba], n = d+2
[IU]). An important tool in the proof is again an L-analogue of Theorem 2.12.
We call X vector bundle finite (VB-finite) if there are only finitely many isomor-
phism classes of indecomposable objects in vectX up to degree shift. There is a
complete classification: X is VB-finite if and only if d = 1 and X is domestic.
We call X d-VB-finite if there exists a d-cluster tilting subcategory C of vectX
such that there are only finitely many isomorphism classes of indecomposable ob-
jects in C up to degree shift. In the rest, we discuss which GL projective spaces
are d-VB-finite. We start with the following relationship between d-cluster tilting
subcategories of CMLR and vectX, which follows from (6.1).
Proposition 6.13. The d-cluster tilting subcategories of CMLR are precisely the
d-cluster tilting subcategories of vectX containing O(~x) for all ~x ∈ L. Therefore, if
(R,L) is d-CM-finite, then X is d-VB-finite.
For example, if n ≤ d+1, then CMLR = projLR is a d-cluster tilting subcategory
of itself, and hence vectX has a d-cluster tilting subcategory add{O(~x) | ~x ∈ L}.
This implies Horrocks’ splitting criterion for vectPd [OSS].
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We give another sufficient condition for d-VB-finiteness. Recall that we call a
tilting object V in Db(cohX) d-tilting if gl.dimEndDb(cohX)(V ) ≤ d.
Proposition 6.14. Let X be a GL projective space, and V a d-tilting object in
Db(cohX).
(a) (cf. Example 3.11(b)) gl.dimEndDb(cohX)(V ) = d holds. If V ∈ cohX, then
EndX(T ) is a d-representation-infinite algebra.
(b) If V ∈ vectX, then X is d-VB-finite and vectX has the d-cluster tilting subcat-
egory add{V (ℓ~ω) | ℓ ∈ Z}.
Therefore it is natural to ask when X has a d-tilting bundle, or equivalently,
when Aca is derived equivalent to an algebra Λ with gl.dimΛ = d. It follows from
Theorem 6.8(a) that
gl.dimAca =
{
d if n ≤ d+ 1,
2d if n ≥ d+ 2.
Thus, if n ≤ d + 1, then X has a d-tilting bundle. Using Example 6.9 and some
general results on matrix factorizations, we have more examples.
Theorem 6.15. In the following cases, X has a d-tilting bundle.
(i) n ≤ d+ 1.
(ii) n = d+ 2 ≥ 3 and (p1, p2, p3) = (2, 2, p3), (2, 3, 3), (2, 3, 4) or (2, 3, 5).
(iii) n = d+ 2 ≥ 4 and (p1, p2, p3, p4) = (3, 3, p3, p4) with p3, p4 ∈ {3, 4, 5}.
As in the previous subsection, we have the following necessary condition.
Proposition 6.16. If X has a d-tilting bundle, then X is Fano.
Some of our results in this section can be summarized as follows.
(R,L) is
d-CM-finite
Prop.6.13

CMLR has a
d-tilting object
Prop.6.6ks Prop.6.10 +3 Fano
X is
d-VB-finite
X has a
d-tilting bundle
Prop.6.14ks Prop.6.14 +3
Prop.6.16
08❥❥❥❥❥❥❥❥❥❥❥❥❥❥❥❥❥❥
❥❥❥❥❥❥❥❥❥❥❥❥❥❥❥❥❥❥ X is derived equivalent
to a d-representation
infinite algebra
It is important to understand the precise relationship between these conditions.
We refer to [C, BHI] for results on existence of d-tilting bundles on more general
varieties and stacks.
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